The coherent interaction time provides an important type of serial resource in quantum metrology, where seeking a higher-order time scaling in quantum Fisher information(QFI) is crucial to achieve better enhancement. In this work, we investigate a generalized model where the parameter is coupled to only one part of the total Hamiltonian, making it possible to utilize the non-commutative property in deriving the expression of QFI. In particular, two specific models are discussed: for the qubitoscillator Ramsey interferometer, the QFI has a quartic time scaling; for a chain of coupled harmonic resonators, with the number of interactions linear in time, the QFI can achieve an exponential time scaling. Our results show that linear scaling in both time and physical resource is sufficient to generate exponential enhancement.
Quantum metrology aims to study the limitation of the measurement accuracy given by quantum mechanics and explore how to achieve better measurement sensitivity with quantum resources, such as quantum entanglement and squeezing [1, 2] . In recent years, quantum metrology has been long pursued due to its vital importance in physics, such as gravitational wave detection [3] [4] [5] , atomic clocks [6, 7] , quantum imaging [8, 9] . A wellstudied example of single-parameter estimation is to estimate a parameter f introduced in a Hamiltonian with the form of H = f H 0 , where H 0 is a known Hamiltonian. The limit of estimating this type of parameter is given by quantum Cramér-Rao bound (QCRB) [10] , which reads ∆f ≥ 1/ νF Q , where F Q = 4T 2 ∆ 2 H 0 is quantum Fisher information (QFI), ν is the number of times the estimation is repeated, T is the coherent interaction time, and ∆H 0 is the deviation of H 0 . There are two ways to improve measurement accuracy: either by increasing the coherent interaction time T or, by maximizing the deviation of H 0 through preparing the probe in a special entangled state. Specifically, with quantum entanglement, one can maximize ∆H 0 to achieve ∆H 0 = N (λ M −λ m )/2, where N is the number of probes, λ M (λ m ) is the maximum (minimum) eigenvalue of H 0 [2] . Accordingly, the minimum value ∆f ∝ 1/T N is considered as the Heisenberg limit, where N can be perceived as the quantum parallel resource, and T as the quantum serial resource [11, 12] .
Quantum metrology has been studied for a wide range of systems with quantum parallel resource [2, [13] [14] [15] [16] [17] [18] . For instance, with k-body interactions between the probes, a sensitivity limit that scales as 1/N k can be obtained [13] , while an exponential scaling can be achieved by introduc- * slloyd@mit.edu † xiaoting@uestc.edu.cn ing an exponentially large number of coupling terms [19] . For quantum serial resource in terms of T , fewer questions have been answered and more remain open. It has been shown that the minimum sensitivity scales as 1/T with a time-independent Hamiltonian, while 1/T 2 scaling can be realized with a time-dependent Hamiltonian [20, 21] . Interesting open questions include: what is the ultimate limit of such enhancement, whether one can achieve sensitivity scaling 1/T k for arbitrary k, or even the exponential scaling with the amount of other physical resources polynomial in T ?
Here we show that exponential sensitivity can be efficiently achieved with the number of coupling terms scaling linear with time. Specifically, we study a generalized model with the Hamiltonian in the form H f = f H 0 + H 1 , where H 1 is an auxiliary Hamiltonian introduced to the original setting. Such model utilizes the non-commutativity of ∂H f ∂f and H f to derive the expression of QFI, permitting us to obtain higher-order sensitivity scaling. In the first model of a qubit-oscillator Ramsey interferometer, sensitivity characterized by QFI with time scaling of T 4 can be achieved; in the second model with a chain of coupled harmonic resonators, the QFI can obtain an exponential improvement in the measurement accuracy. Notice that it only requires a polynomial(linear) scaling of physical resource in terms of the coupling terms, which is crucial to justify the efficiency and the effectiveness of exponential enhancement. After all, it is of no surprise to realize exponential enhancement with an exponential amount of physical resource.
Theoretical framework. − In quantum metrology, one aims to estimate a parameter f from repeated quantum measurements. From the results of N measurements, {ξ 1 , . . . , ξ N }, we obtain an estimate f est for the value of f . The statistical deviation of the estimate can be expressed as the units-corrected deviation from the actual arXiv:2004.01216v1 [quant-ph] 2 Apr 2020 value:
The quantum Cramér-Rao bound(QCRB) is given by the generalized uncertainty relation for the mean squared deviation of the parameter, (∆f ) 2 ≥ 1 νF Q , where ν denotes the number of times of the repeated estimation. Here,
defines the quantum Fisher information, characterizing the amount of information about f in the measurement data [10, 22] . The QFI is a natural measure of how optimal a given measurement strategy can be in determining the parameter f with minimal uncertainty. The operator L[ρ f ] is called Symmetric Logarithmic Derivative(SLD), and is defined for any state
. In particular, for pure states, the QFI is simplified to
we consider a general model where the parameter f introduced in a Hamiltonian with arbitrary form H f and unitary operator U = exp (−iH f T ). We discretize time as t j = T /n, j = 1, · · · n, with sufficiently large n. The evolution operator
Thus the expression of QFI for arbitrary H f reads:
where ∆ 2 ∂H f ∂f (t, t ) can be obtained by dividing time terms in ∆ 2 ∂H f ∂f into two dimensions t and t with
The non-commutativity of ∂H ∂f and H f allow the generalized QFI contain high time order terms, which offer us a solution make more efficient use of coherent interaction time resources. The generalized QCRB can be indicated as:
Particularly, when
where B is a constant and σ x(z) is Pauli operator, we acquire F Q = 4 sin 2 (BT ). These are consistent with previous studies [2, 24] . Next we will study the case of H f = f H 0 + H 1 , [H 0 , H 1 ] = 0 and explore the role of the non-commutativity and the coherent interaction time in increasing estimation sensitivity with the Qubit-HO Ramsey interferometer and bosonic Kitaev-Majorana chain. One might worry about that the coefficients of high time order terms in QFI approach to zero with increased n. We will show we can optimize the coefficients through many-body interaction to achieve higher time scaling.
Achieving quartic time scaling of QFI. -We start our analysis with a qubit-harmonic-oscillator(HO) Ramsey interometry model composed of a qubit coupled with a HO through the force f acting on the HO as shown in FIG.1 . The initial state of the qubit and the HO is prepared into a separable state |g ⊗ |α 0 , where |α 0 is an arbitrary state of HO and |g (|e ) is the ground (excited) state of the qubit. The qubit is subsequently subjected to a π 2 pulse, transforming it into an equal superposition of the ground and the excited states: 1 √ 2 (|g − i|e ). Afterward, the system evolves under the Hamiltonian H = gσ z P − f X for time T with the quadrature X = a † + a, P = i(a † − a). The unitary evolution generated by H can be written as
Finally, the qubit is subsequently subjected to the second π 2 pulse, making the qubit rotate by π 2 around the Y axis.
We get the final state
The variance of X and P of final state are
and ∆P f = ∆P , where ∆X and ∆P are the variance of X and P of initial state. The deviation of the Hamiltonian that the parameter f coupling with, ∆X f , is timedependent. That is different from the regular parameter estimation problem, where the Hamiltonian is fixed, as its deviation [13] . From equations (5) and (7), the QFI reads:
and the QCRB becomes
Therefore, with the above time-independent Hamiltonian, the QFI can scale as T 4 and ∆f scales as 1/T 2 . The non-commutativity between X and P is the key to achieve the sensitivity with an uncertainty scaling as 1/T 2 . The qubit contributes the first term 4g 2 T 4 in the QFI and HO contributes to the second term 4T 2 (∆X) 2 . When g 2 T 2 > (∆X) 2 , the QFI acquired from qubit is bigger than the one obtained from HO, which means that qubit-HO Ramsey interferometer plays the role of an amplifier in measuring f . When the value of the coupling coefficient g is bigger, the amplifier is more sensitive so that we can achieve better measurement accuracy.
Then we need to propose a scheme to measure the system to achieve the accuracy of 1/(2gT 2 ). A measurement strategy is to measure the operator A = 1 2 (|g + i|e )( g| − i e|) ⊗ I, where I is unitary operator of the HO. In the case of |α 0 = e −ir |α , where r is a constant and |α is coherent state, we have the final expectation value and variance of A,
The precision of estimating f can be quantified via error propagation formula:
When i(r * − r) = 2g 2 T 2 , we have A = 1 2 − 1 2 cos β and ∆f = 1/2gT 2 . We can achieve the QCRB of estimating of f with an uncertainty scaling as 1/(2gT 2 ) through measuring operator A. The precision of estimating f by measuring operator A of the qubit depends on the initial state of the HO.
FIG. 2. Bule line:
The logarithm (base 10) of the optimal average QFI of each particle for estimating the force f , log 10 max(FQ a ), versus the coherent interaction time T with coupling strength g = 1, ∆X = 1 in the series scheme (The n annotated in the line indicated the optimal coupling particle number that maximizes max(FQ a ) for the time before these points); Read line: The logarithm (base 10) of the average QFI of each particle log 10 max(FQ a ) versus the coherent interaction time T in regular classical scheme with FQ a = 4T 2 .
If we consider a system that contains n qubits and n harmonic oscillators, where n qubits are in an entangled state and each qubit coupled to a harmonic oscillator with a force f acting on each HO, we can obtain the QFI of the system of estimating f as:
With the entanglement of qubits, the QFI of the system represents an improvement of a factor n over the short noise limit. We also can achieve measurement accuracy with an uncertainty scaling as 1/(2ngT 2 ) by measuring operate qubits. By preparing qubits in cat state, we could simultaneously utilize entanglement and the noncommutativity between X and P to improve the measurement accuracy. We generalize our model and design the Hamiltonian of the system as H = f G(X) + gP σ z , where G(X) is a function of X and [G(X), P ] = 2i ∂G(X) ∂X . Then we have
If we prepare the state of the qubit in eigenstate of σ z , g = 1 and G(X) = X n , we obtain the QFI as:
We achieve higher time scaling of the QFI, where [∆(X n−k )] 2 depends on the initial state of HO. Achieving Exponential Enhancement of QFI. -We consider a system containing n serial particles, with a force f acting on the first particle. The Hamiltonian of the system is H = H f + H int , where H int is the interaction between two adjacent particles. We have the Hamiltonian which introduces f onto the first particle as the form of H f = f A 1 , H int = n j=2 g j−1 B j−1 A j , with g j the (j − 1)th particle-the jth particle coupling strength and A j , B j arbitrary operators of the jth particle. We aim to measure the force f from the last particle.
The system evolves under U = e −i(f A1+Hint)T for time T , we have final state of the system |ψ f = U |ψ with |ψ the initial state of system. In order to obtain the QFI of the nth particle, we consider:
where D j = ( j i=2 g i−1 )(−iT ) j A j (c) j−1 . In particular, we consider n particles are HOs with A j , B j as X j = (a j + a † j ), P j = i(a † j − a j ) operators of the jth HO, all the coupling strength g j = g, which is know as bosonic Kitaev-Majorana chain [25] . The Hamiltonian of the system is
The initial state of each HO is arbitrary |ψ . The QFI of n particles can be written as:
where ∆X j is the initial derivation of X j . Given ∆X j = ∆X and n = agT where a > 3, for sufficiently large gT , we have
The proof of (20) can be found in Supplementary Materials. Hence, we have shown that F Q increases faster than (∆X) 2 g 2 e 2gT , as T increases. On the other hand, the nth term of the QFI is
We achieve T 2n time scaling QFI with the noncommutativity between quadrature operators H f and ∂H f ∂f . Though for fixed T , the F Qn is a convex function and tends to 0 as increase of n, the higher time scaling on QFI allow us to utilize coherence interaction time more efficiently.
We set g = 1 and HOs are in same initial states, the average QFI of each particle can be written as:
where ∆X is the initial derivation of X. F Qa is the convex function of n and there is always one n where F Qa takes the maximum max(F Qa ) for a determined interaction time T . As we can see in the FIG.2 , the optimal QFI max(F Qa ) is exponentially bigger than the 4T 2 (∆X) 2 , which is the average QFI in classical scheme where H f = −f X. If we have n HOs, one could design n -body coupling and n/n systems to maximize the total QFI according to the coherent interaction time. The series scheme presents an exponentially advantage in improving measurement accuracy of estimating f than regular classical scheme.
Conclusion.-As a type of quantum series resource, the coherent interaction time plays a crucial role in quantum precise measurement. By introducing an auxiliary Hamiltonian to the original Hamiltonian coupled with the parameter, we can utilize the peculiar quantum feature of non-commutativity in deriving the expression of QFI. For the qubit-oscillator Ramsey interferometer, the QFI has a quartic time scaling; for a chain of coupled harmonic resonators, with the number of interactions linear in time, the QFI has an exponential time scaling. Our results suggest that linear scaling in both time and the number of coupling terms is sufficient to obtain exponential enhancement.
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